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Abstract. We obtain a local stable manifold theorem for perturbations of 
nonautonomous linear difference equations possessing a very general type of 
nonuniform dichotomy, possibly with different growth rates in the uniform 
and nonuniform parts. We note that we consider situations were the classical 
Lyapunov exponents can be zero. Additionally, we study how the manifolds 
decay along the orbit of a point as well as the behavior under perturbations 
and give examples of nonautonomous linear difference equations that admit 
the dichotomies considered. 



1. Introduction 

The main purpose of this paper is to discuss, in a Banach space X, the existence 
of stable manifolds for a general family of perturbations of nonautonomous linear 
difference equation 

assuming that the perturbations /,„; X ^ X verify f,n{0) — 0, 

\\fM^f,n{v)\\<c\\u-v\\{\\u\\ + \\v\\y, meM, 

for some constants c > and q > 1 and for each m, u £ X, and that the linear 
equation 

Xm+i = A.mX„i, m e M, 
admits a very general type of nonuniform dichotomy given by arbitrary rates of 
growth. 

The notion of uniform exponential dichotomy was introduced by Perron in [11] 
and constitutes a very important tool in the theory of difference and differential 
equations, particularly in the study of invariant manifolds. In spite of being used 
in a wide range of situations, sometimes this notion is too demanding and it is of 
interest to consider more general kinds of hyperbolic behavior. A much more general 
type of dichotomy, allowing the rates of growth to vary along the trajectory of a 
point, is the notion of nonuniform exponential dichotomy that was introduced by 
Barreira and Vails in the context of nonautonomous differential equations in \^ and 
that was inspired both in Perron's classical notion of exponential dichotomy and in 
the notion of nonuniformly hyperbolic trajectory introduced by Pesin in P^ITSlfTl] . 
In the context of difference equations, it was also introduced a notion of nonuniform 
exponential dichotomy in [3j. 
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The study of stable manifolds in the nonuniform context has a long history, start- 
ing with a famous theorem on existence of stable manifolds for nonuniformly hy- 
perbolic trajectories, in the finite dimensional setting, proved by Pesin [12'. In [16J 
Ruelle gave an alternative proof of this theorem based on the study of perturbations 
of products of matrices occurring in Oseledets' multiplicative ergodic theorem [10] 
and, inspired in the classical work of Hadamard, Pugh and Shub jl5j proved the 
same result using graph transform techniques. In Hilbert spaces and under some 
compactness assumptions, Ruelle [T7] obtained a version of the stable manifold the- 
orem, following his approach in '161. Versions of this theorem for transformations 
in Banach spaces, were established first by Mane |2 under some compactness and 
invertibility assumptions and then by Thieullen [18) under weaker hypothesis. 

Stable manifold were also obtained for perturbations of nonautonomous lin- 
ear differential equations and for perturbations of nonautonomous linear difference 
equations, assuming respectively that the linear differential equation and linear dif- 
ference equation admit a nonuniform exponential dichotomy. We refer the reader to 
the book [5] , where the obtention of stable manifolds for perturbations of linear dif- 
ferential equations admitting the existence of nonuniform exponential dichotomies 
is discussed, and also to [3l|2l [1] for a related discussion in the context of difference 
equations. 

Recently, invariant stable manifolds were obtained for perturbations of nonau- 
tonomous linear difference and differential equations, assuming the existence of 
nonuniform dichotomies that are not exponential. In particular, in the discrete 
time setting, assuming the existence of a some type of polynomial dichotomy for a 
nonautonomous linear difference equation, it was established in [6] the existence of 
local stable manifolds for a certain class of perturbations and, for a more restricted 
class, there were also obtained global stable manifolds. 

Our result can be seen as a discrete counterpart of the results obtained in ^ for 
nonautonomous differential equations and we emphasize that the stable manifold 
theorem for perturbations of linear difference equations with nonuniform exponen- 
tial dichotomies in JIT is included in our theorem as a very particular case and our 
result also includes as particular cases stable manifold theorems for polynomial di- 
chotomies, as well as many other situations where the classical Lyapunov exponent 
is zero. We stress that, to the best of our knowledge, in the context of perturba- 
tions of nonautonomous linear difference equations that admit a non-exponential 
nonuniform dichotomy, our result is the first one addressing the existence of local 
stable manifolds for the general class of perturbations above. In particular, it is 
new even for nonuniform polynomial dichotomies (in [6] it was already considered 
the polynomial case but the type of nonuniform dichotomies considered there were 
different from the ones considered here). In the context of differential equations 
and under the existence of nonuniform polynomial dichotomies it were also obtained 
local and global stable manifolds in [Sj. 

As mentioned, the type of dichotomies considered in this paper are very general, 
allowing different rates of growth for the uniform and the nonuniform parts and 
thus, to establish the existence of stable manifolds, we must assume conditions 
relating the rate of decay of the some balls in the stable spaces and the growth 
rates. 

To highlight the generality of this concept of dichotomy, we discuss some families 
of new examples that verify the hypothesis in our main result. Additionally, we 
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obtain a upper bound for the decay of solutions along the stable manifolds and we 
study how the stable manifolds vary with the perturbations by giving bounds, in 
some suitable metric, on the distances between the functions whose graphs are the 
stable manifolds. 

The content of the paper is the following: in Section [2] we introduce some nota- 
tion, the main definitions and state the main theorem; next, in Section|3]we present 
some examples; then, in Section |4l we prove the main theorem; finally, in Section [5] 
we study how the manifolds obtained vary with the perturbations considered. 

2. Main Result 

We say that an increasing sequence fi — (MrOnsKo ^ growth rate ii > 1 and 
lim fin — +00. 

n— J--t-oo 

Let fi = (Mn)ngiNo ^^'^ ^ ~ (^n)neiNo growth rates and let B(X^ be the space 
of bounded linear operators in a Banach space X . Given a sequence (^„)„giN of 
invertible operators of B{X) and putting 



_ I A,n-1 ■ ■ ■ An if TO > n, 

I Id if TO = rt, 

we say that the linear difference equation 

x„i+i = AmXm, m e IN (1) 

admits a nonuniform {fj,,i>)- dichotomy if there exist projections P„i, m g IN, such 
that 

Pni'Ara^n — '^m^nPn^ TTl^TL G IN, 

and constants a<0<&, e>0 and D > 1 such that for every n S IN and every 
TO > n, 

\\A^,nPn\\<D(-^) Z.^„i, (2) 

IK™!„Q™||<i?f^) (3) 

\ fJ-n J 

where Qm = Id —Pm is the complementary projection. When e = we say that we 
have a uniform fji- dichotomy or simply a fi-dichotomy. 

In these conditions we define, for each n G ISf, the linear subspaces En = Pn{X) 
and Fn = Qn{X). As usual, we identify the vector spaces En x F„ and En © Fn as 
the same vector space. 

We are going to address the problem of existence of stable manifolds of the 
difference equation 

•^m+l — AniXni ~\' fm{,Xm)^ rfl G IN, 

where /,„ : X ^ X are perturbations for which there are constants c > and q > 1 
such that 

/m(0) - 0, (4) 

\\fra{u)~ fm{v)\\<c\\u~v\\{\\u\\ + \\v\\y (5) 

for every to € IN and every u,v e X. Note that making t; = in ([5]) we have 

\\fm{u)\\<c\\ur+^ (6) 

for every to £ M and every u £ X. 
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Given n G IN and w„ = rj) £ En x Fn, for each m > n we write 
with 

_ j (A„i_i + fm-i) o • • • o (A„ + /„) if m > n, 
I id it m = n. 

We denote by Bn{r) the open ball of En centered at zero and with radius r > 0. 
Fix now 5 > and let fi ~ (/^n)ng]N be a positive sequence. We denote by 'Xs,fj the 
space of sequences {^n)neK of continuous functions : Bn{5Pn) Fn such that 

fn{0) = (9) 
\Wn{0-^nm<U-l\\ (10) 

for every Bn{Sl3n) and every n e IN. Given ((/5„)„giN G X^^, for each ti G IN, 

we consider the graph 

V^,nJ,(i - {(e, : ^ e Bn{6Pn)} , (H) 

that we call local stable manifold. 

We now state the result on the existence of local stable manifolds and its proof 
will be given in Section 2] 

Theorem 1. Given a Banach space X , let fm : X ^ X be a sequence of functions 
satisfying (|4|) and ^ for some c > and q > I. Suppose equation ([T]) admits a 
nonuniform (fi, u)- dichotomy for some growth rates fi and h',D>l,a<0<b and 
e > 0. Assume that 

lim MmM^-ii'm-i = (12) 

and that 

IJ.'Jfi'k "Is convergent. (13) 

k=l 

Define the sequences (3 — {fim)nieM '^^'^ P ~ \ Pm] by 

" ^ '""^ i/g and (3m = PrnV^-i (14) 



+ 00 



\k—7n / 

and suppose that there is a constant K > 1 such that 

— < K for every n G IN and every m > n. (15) 

Then, for every C > D, choosing 5 > Q sufficiently small, there is a unique Lp G X^^^ 
such that 

'^ra,n{"^^,n,S/{CK),i3) ^ "^v,yn,S,fi for cvcry 71 G IN and every m>n. (16) 

where ^ s/{CK) fs ^nd V^^m,S,p are given by ()lip . Furthermore, given n G IN, we 
have 



for every m > n and G i?„((5/3„/(Ci^)). 
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3. Examples 



In this section we will illustrate our main result with some examples. Firstly, 
we will give examples of linear difference equations admitting nonuniform (/i, v)- 
dichotomies for any growth rates fi and v. Secondly, we show that the nonuniform 
exponential result obtained in is a particular case of our theorem and finally we 
highlight two new settings were our main theorem can be applied. 

Example 1. Given a < < b and e > 0, let (^n)„g]N be the sequence of bounded 
linear operators An ■ given by the diagonal matrices 



An — 



Mn-1 



cos(n7r) — 1 



e/2 



s((n-l)7r)-l 







V, 



n-l 





cos(n7r) — 1 
3s((n — l)7r) — 1 



e/2 



where fi — {fJ-n)^^^^ CLi^d u = (^^rO^^jN^ ^'^^ ^'^^ growth rates. Then 



1-^11— ll^n 



a / cos((7n— l)7r) — 1 ' 

/ 

I cos((n— l)7r) — 1 



e/2 



b / cos((m-l)7r)-l \ 
fi,n \ I V„ 



cos((n — l)7r) — 1 



and considering the projections given by P„(x, y) — (x, 0) and Qn{x,y) — (0,y) we 
have 



\\^m ^n-^n I 



Mr; 



a / cos((7n— l)7r) — 1 ' 
I cos((n— l)7r) — 1 



e/2 



and 

\\A 

and this implies 

\\'^Tn,nPn \ \ ^ 



Mr) 



-6 / \ -b / cos((m-l)7r)-l \ 

I cos((n-l)7r)-l I 



Mn-1 



<-l and \\A^n,nQm\\ < 



This example shows that for every growth rates fj, and v we have a nonuniform 
(li, ly)- dichotomy. 

Moreover, if m is even, n is odd and ^im/ t^m-i is bounded by a constant A then 

( -^-1 < \\A-'nQrn\\ < ( 



Mr: 



and this shows that the nonuniform part of the dichotomy can not be removed. 

Example 2. With /in = t'n = e" we get the local stable manifold theorem obtained 
by Barreira and Vails in ^ . Here, condition ()12p becomes a + e < b, condition p3|) 
becomes aq + e < and since 



-a+e{l + l/q) 



1 



aq+e^ / 1 ^-e(l+2/ q)r. 
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f^rn l^m _ g(a+e(l+2/g)) 



condition (jlSp becomes a + s{l + 2/17) < 0, that is the condition a + /3 < in 
Note that condition a + e{l + 2/q) < implies a + e < b and aq + e < 0, although 
the first implication seems to have been unnoticed in |3] . 

Example 3. We will now consider the polynomial case, i.e., /i„ = f„ = 1 + n. 
For these rates, condition (|12|) becomes a + e < b and condition (I13p becomes 
aq + s + 1 < 0. Since 

n + 00 +00 +00 n + OO 

we obtain the estimates 

1 1 

1 :(1 + m)'^«+'^+i < y (1 + < 1 77^^— -t(1 + 

\aq + e + ir ' - /-^ ^ ^ " ag + e + 1 2°'?+£+i ^ ' 

k—m 

and this implies 
and 

^™ > 2'^+-'/9+l/'J lag + e + Ijl/-? (1 + ^)-e(l+2,<l)-l/q_ 

JJencG 

,.a 0^1 / 1 + m \ 'J+'^(l+2/9) + l/9 



and to /laue condition (1151) we need to have a + e(l + 2/q) + 1/q < 0. Therefore, 
taking into account that a + e(l + 2/q) + l/q < implies a + e < b and also implies 
aq + s + I < when e > 0, if a + s{l + 2/q) + l/q < and s > we have a 
local stable manifold theorem. If aq + 1 < and s = we also have a local stable 
manifold theorem. 

Example 4. In this example we will consider a nonuniform dichotomy with the 
following growth rates 

A*n = (1 + (1 + log(l + n))^ and = 1 + log(l + n), 

with A > 0. Then condition ()12p is satisfied for every a < < b and every e > 0. 
The series in (1131) becomes 

oo oo 
k=l k=l 

and is convergent if aq < —1 or if aq = —1 and e — A < — 1. 
If aq < —1, there are positive constants Oi and 02 such that 

oo 

E A^r^I > ^1 (1 + ™)"«+' (1 + log(l + m))^^'+' 

k—m 

and 

oo 

E f'T'^k <d2{l+ m)-'^+' (1 + log(l + m))^^'+' 

k=m 
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for every m G IN and this implies that 
n-i/q 

and 

/?m > 02^^''{1 + m)-i/« (1 + log(l + m))-"(^+'/«) 
for every m G M. Hence 

^^fm + l\ ( 1 + log(l + m) ^ ^'^+^(1+^'') 



with 



A 



?y'^2"(l + log2)^«-^(i+i/9) 

and since aq < ^1 condition (|15|) is always satisfied. Therefore if aq < —1 we have 
a local stable manifold theorem for every nonuniform dichotomy with these growth 
rates. 

When aq = —1 and £ — A < —1, there are positive constants 9^ and O4 such that 

+00 

03 (1 + log(l + m))-'+'+' < J2 t^k'^^l < ^4 (1 + log(l + m))-"+^+^ 

k—m 

for every m G M. This estimates imply that 

2''(1 + log2)-^°"'^(i+i/'?) J \ s>\ J J 

and 

/3m > ei^'\l + m)-i/« (1 + log(l + m))-^(i+'/«)-^/« 
for every m G M. Hence 

M;^/3m^ < ^l+l0g(l+m)^(^-^)/^+^(^+^/'' 



tJil-iPn^ ey''2^{\ + log2)-V9~e(i+i/9) V 1 + log(l + n) 

for every to G IN and condition (|15p is satisfied i/(l — A)/g + e(l + 2/(7) < 0. 
Since (1 — A)/q + e(l + 2/q) < and £ > imply £ — A < —1, if aq — —1 anc? 
(1 — A)/(j + £(l + 2/g) <0 anrf £ > we /laue a local stable manifold theorem for 
nonuniform dichotomies with these rates. If aq — —1, s — and X > 1 we also 
have a local stable manifold theorem. 

4. Proof of Theorem [U 

Given n G IN and w„ — ry) G -E„ x Fn, using ([7]), it follows that for each m > n, 
the trajectory (■fm),„>„ satisfies the following equations 

m — 1 

^ + ^ •Am,k+lPk+lfk{xk,yk), (18) 
k—n 

rn— 1 

Vm = An,n?7 + ^ ^ni,k^lQk+lfk{Xk,yk)- (19) 
A:— n 
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In view of the forward invariance mentioned in ()16p . each trajectory of ([8]) starting 
n s/(CK) p must be in Vip^ra.s,^ for every ■m> n, and thus the equations (fT8|) 
and (1191) can be written in the form 



m — 1 



^H- Am,k+iPk+ifk{xk,^k{xk)), (20) 

k—n 

m — 1 

Vn{S.)+ ^ ■Am,k+lQk+lfk{xk,V>k{xk))- (21) 



To prove that equations ([2011 and (|2T|) have solutions we will use Banach fixed point 
theorem in some suitable complete metric spaces. 
In Xs^p we define a metric by 

h ~ V^ir = sup I : n e IN and g e i?„(J/3„) \ {0}| . (22) 

for each ip — {ipn)neK, V' — ('0n)nGiN G 3^i5,/3- K is easy to see that is a complete 
metric space with the metric defined by ([2^ . 

We also need to consider the space X^ ^ of sequences — {ipn)n£¥i with (p„ : En — ?> 
Fn such that the sequence (93,1 |i3„((5/3„))^gj^ is in X^.^ and, for each rt G IN, 

'PniO = Pn (-^tt) whenever ^ B„((5/3„). 



lieii 

There is a one-to-one correspondence between sequences in Xs,i3 and in X| ^ because 
for each sequence of functions ip = (yn)„gfj G X^^^ there is a unique extension ip — 
{ipn)n£fi such that each pn is a Lipschitz extension of Pn to i3„(5/3„). This one-to- 
one correspondence allows to define a metric in XJ ^. For every p = (<y5n)„g]N j "0 = 
('/'rOngK G /3 1 we define this metric by 

where Tp = {pn\B„{5/3„)) n^K^ -0 = (V'n|B„(5/3„))„gK and the right hand side is the 
metric defined by (12^ . Is is easy to see that with this metric X| ^ is a complete 
metric space. 

Furthermore, given p = (i^„)„g„,V' = {'^n)ne¥i ^ ^1,^' one can easily verify 
that 

WfniO -^n{m<m-C\\ (23) 

w^nio- Mm < w^-y^wm (24) 

for every n G IN and every ^, ^ G En- 

Let S = "^71,6,13 be the space of all sequences x = (a;m)„,,>„ of functions 

Bn{S(3n) ^ 

such that 

Xn{0=t Xrn{0)=0 (25) 

ik™(o-x„(c)ii<cf^y<,_i u~a (26) 
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for every m > n and every £ i?„(5/3„). Making ^ = in (|26|) we obtain the 
following estimates 

\Mm < c (J^)\^^_,m\ < cs (J^)\^^_j^ (27) 

for every m > n and every ^ £ i?„((5/3„). In "Bn^s^is we define a metric by 

II II" „ J II'''™ (0 ~2/m(OII f f^m \ _e ^ ^ id r i a \{ /no\ 

\\x-y\\ ^snp< — I- — -1 v^_i:m>n,^eBn{dl3n)'> (28) 

for every x, y d 'Bn,s,p- It is easy to see that with this metric 'Bn^s,0 is a complete 
metric space. 

Lemma 1. Given (5 > sufficiently small, for each ip € Xg p and n G IN there exists 
a unique sequence x = x'^ € '^n,S,/3 satisfying the equation (|20|) for every m > n 
and ^ e Bn{5j5n)- Moreover, choosing 5 > sufficiently small, we have 

\\x^-x^\\" <^Kli\W-n' (29) 

for each ip,ijj G ^| ^• 

Proof. Given e X| ^, we define an operator J = in 'Bn^s,^ by 

if m = n, 

f+ ^ A„i,fe+iPfe+i/fe(a;fc(^),(^fc(xfc(^))) if m>n. 

fc=n 

One can easily verify from (^5]) . ([S]) and (g]) that (Ja;)m(0) = for every m > n. 
Let X e 'S>n,s.p and, for every k > n, put 

ttfc = ll/fc(2;fc(C),<^fc(a;fe(C))) - /fc(a;fc(C),'^fc(a;fc(0))ll 
with G B„((5^„). From ^ it follows that 

m — 1 

- (J^)m(e)ll < \\Ar,r,nPn\\ U " ^11 + Um.k+lPk+lW «fc (31) 

for every m> n. From ([5]), (P^ . ([25)1 and (|27p we obtain 

afc < c(||a;fc(0 -a;fc(OII + \\Vk{xk{C)) - '^k{xk{C))\\) x 

X (iixfc(oii + wM^kim + 112^^(011 + \Wk{xum\y 

< 3'+ic||x..(0 - + ll^fc(ail)' (32) 



By (O we get 



"^^l'r'^/3^E'^r^.^ = l (33) 
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and this together with ([32l) and ^ imply 

m — 1 

\\A„i,k+iPk+i\\ 

k=n 

/ \ a m — 1 



k 



From last estimate, (PT|) and © we have 
||(Ja;)™(0-(^^)m(e)ll 

< " lie - ?ii + c(3C)«+^i^(2<5)^ ( ^ ) lie - eii 

for every m > n and every £ S„ ((?/?„). Since C > D, choosing 5 sufficiently 
small we obtain 

||(./a;)™(e) - (J:r)„(0|| < C ('-^y^,^^^^ 11^-^1 

and this implies the inclusion J^'Bn^s.p) C 'S>n^s,p- 

We now show that J is a contraction for the metric induced by Let x, ?/ S 

23n,5,/3- Then 

(34) 

< E ii^m.fc+i^'fe+iii wfkixkio^'Pkixkm - fMo^^kivkimw 

k—ii 

for every m > n and every e, £ BniSPn)- By ©, (US]), (EHl) and (gT]) we have for 
every k > n 

WfkixkiO^fkixkiO)) - fkivkiO^fkivkiOM 
<ci\\xkiO - VkiOW + WMMO) - MvkiOm X 

X (iia:.(e)ii + w^kixkim + wvkm + 

<3'^+'c\\xk{0 -VkiOW (MOW + \\ykm\)' 

^.-ill^-yir'lieiKacj)^^ vlUf^l 

<3^+M2C5)«f^)"'^%lr^/3:?||^-y||"||e||. 
Hence, from Q and psp we have 



(35) 



\\{Jx)^{i)-{Jy)^m 

/ \ a m — 1 

< i'^+^c{2C5yD m\ \\x y\\"^CJy^^lf'fil E ^ 

^^"-1^ k=n 



< 
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for every m > n and every f 6 i?„((5/3„) and this implies 

\\Jx - Jy\\" < 3'^+^c{2CS)''D\\x - yH". 

Choosing (5 > such that 3'^'^^c{2CS)'^D < 1 it follows that J is a contraction in 
'^11,5,13 ■ Because Tin,s,p is complete, by the Banach fixed point theorem, the map J 
has a unique fixed point x'^ in 'S>n,s,p, which is thus the desired sequence. 
Next we will prove (|29|) . Let ip^ip p. From (f20l) we have 

(36) 



< 



iiyi„,,.+iP.+iii \\h{xt{o,Mxt{m-fk{xt{s.).M4m\\ 



k—n 

for every m > n and every ^ e S„((5^„). By (O, (l23|), ([Ml), (IMl) and ([221) it follows 
that 

\\Uxi{^),vk{xim~h{xt{i)^M4m\\ 

< c {wxtio - 4(011 + Wvkixtm - Mxtim) x 

X {\\xtm + Wfkixtmw + 114(011 + WMxtmiY 

< c (swxtio - xtm + WMxtm - Mxtmw) {nxtm\ + 3ii4(oii)' 

V_^->P\\"fj^\ „e llfll _u _ 



< c{6C6y { 3\\x^ - x^w" { ^ ) + y - ^irii4(oii ) X 



aq-\-a 



(37) 



< ciGCSy (3||x'^ - x^W" + C\\^ ^11') lieil (J^) " 

for every k > n. Hence by last inequality, (H]) and we get 

lk^(0 - 4(011 < c(6C<5)«i^ (3||a;^ - x^'\\" + Cy ~ Vll') x 

/ \ a m 

X 1101 -.^-iM^-iei/?,". E ^r-^ 

< c{6CSyD {3\\x'^ - x^W" + C\\^ - ^ 
for every m > n and every ^ G Bn{Sl3n) and this implies 

Choosing 6>0 such that c(6C(5)'?L' < 1/6 we have 1^. □ 
We now represent by I j, ) e 'Bn.s,^ the unique sequence given by Lemma[T] 

V ' / k>n 

Lemma 2. Given S > sufficiently small and (ys G X| ^ the following properties 
hold: 



Mn-l 
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1) If for every n ^TN, m > n and ^ G Bn{Sl3n) the identity ([2T|) holds with x = x"^ , 
then 

oc 

^„(0 = -E^fe+l.nQfe+lA«fc(0,^fe«fc(0))- (38) 
k—n 

for every n G IN and every ^ e Bn(5j5n). 

2) If for every n S H and every ^ G Bn{dl3n) the equation (j38p holds, then (j2ip 
/lo/ds zwjf/i a; = a;"^ /or every n G IN, every m > n and every ^ G B„ {Sf3n/{CK)). 

Proof. First wc prove that the series in is convergent. From ([3]), ([5]), ([25)1 
and ([27)) . we conclude that for every n G IN and every ^ G i3„((5/3„) 

oo 
k—7i 

oo 



OO 



/c— n 

oo 
k—7i 



< c(3C(5)«+ii:)/3„ 



and thus the series converges. 

Now, let us suppose that (PT|) holds with x = x^ for every n G IN, every m > n 

and every ^ G i?„(5/3„). Then, since -A^"'^^^rn,A:+l — "^/c+l n 71 ^ h Tft — 1, 
equation (j2ip can be written in the following equivalent form 

rn—l 

= KlnVm{xl„m " E Kll,nQk+l fk{xl^{0 . V'fc (C) ) ) • (39) 

A:— n 

Using ©, (1121) and (gT]), we have 

l|-^m!n¥'m«,m(0)ll = I l-^m^nQmV'm (xj?^™ (0) II 

<2d(1^] ^^-ill<™(e)ll 

\ IJ'n J VMn-l/ 

and by (|12p this converge to zero when m — oo. Hence, letting m — oo in (j39]) we 
obtain the identity ([38]) for every n G IN and every ^ G i?„(5/3„). 
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We now assume that for every n G IN, to > n and ^ G i?„((5/3„) the identity ((38|) 
holds. If C e Bn{5Pnl{CK)), then by ^ we get 

WXn.mm < C (^XK-ItL^. = < 3/3^. (40) 

Therefore 

CO 

-A™,„V5«(0 = -Xl-^"^»-^fe+l,"'3fe+l/'=(^n,fe(C),¥'fe«,fe(C))), 

and thus it follows from (1551) and the uniqueness of the sequences x"^ that 

m — l 
fc— n 

oo 

= ' E ^fc+i,™Q^^+iA«fc(0,¥'fe«JO)) 

OO 

= - E ■^fc+l,m'3fc+l/fc(2;m,fc(<m(C))>'/'fc(<i,fc(<m(C)))) 

for every n G IN, every m > n and every ^ G Bn{S/3n/{CK)). This proves the 
lemma. □ 

Lemma 3. Given S > sufficiently small there is a unique ip £ Xg ^ such that 

oo 
k—n 

for every n G IN and every ^ G Bn{S/3n). 

Proof. We consider the operator $ defined for each cp G ^ by 

{oo 
k=n (41) 
($^)„(<5/3„^/||^||) ife^B„(5/3„), 

where x'^ — {x^)k>n G 'Bn,5.^ is the unique sequence given by Lemma [TJ It follows 
from dH), (113, ® and (gT]) that ($<^)„(0) = for each n G IN. 

Furthermore, given n G IN and CiC G Bn{5(3n), by ([3]), (1321) and (|33)) we have 

||($^)„(0-(<i>¥')n(ail 



k—n 

oo 

< c{iCY+^D {2Sy lie - eilA^^XV^Vl'^-'^/?.^ E f^T'^^'^k 

k—n 

oo 

-aq 6{q-\-l) nq 



< c{3cr+'D {26 f lie - E ^r^^; 

= c(3C)«+il?(2<5)''||e-el- 



k 

k—n 
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Hence, choosing S > (independently of (p, n and such that c(3C)'+^D (2(5)'' < 1 
we have 

||(<i>(^)„(^)-($^)„(Oll<||e-el. 

Therefore $(X*_^) C X*_^. 

We now show that $ is a contraction. Given -0 G X| ^ and n e IN^, let 
x''' and cc'^ be the unique sequences given by Lemma [1] respectively for Lp and '0. 
By dg, dSZl), (IMl) and ^ we have 

||($<^)„(0-($^)„(e)ll 

oo 

<Eii-^A^+i.«^?'=+iiiii^(^nc),¥'fe(^no))-/fe(4(o,^fc(4(0))ii 

/c— n 

< cz?(6c<5)' (3ii:z:^ - x^r + - ^110 m\iJ^-Ty>:^^V^Pi E a^^""''^! 

k—n 

oo 

< 2cc'^+ii^(6<5)^iieii 11^ - n'^^--VnlV^Pl E ^^^^^ 

for every n e M and every ^ G i?„(5/3„) and this implies 

- $^/.||' < 200"+^ D{io5y\\if - 

Choosing 5 > Q such that 2cC"?+^I?(6(5)'^ < 1 it follows that $ is a contraction in 
XJ p. Therefore the map $ has a unique fixed point (ys in X| ^ that is the desired 
sequence. □ 

We are now in conditions to prove Theorem [T] 

Proof of Theorem [TJ By Lemma [U for each 1^9 G XJ ^ there is a unique sequence 
x"^ G 23™, (5,^ satisfying ([20)1 . It remains to show that there is a and a corresponding 
x''' that satisfie (|21l) . By Lemma [U this is equivalent to solve ([55)1 . Finally, by 
Lemma [21 there is a unique solution of (1551) . This establishes the existence of the 
stable manifolds for 5 > sufficiently small. Moreover, for each n G IN, to > n and 
C,^ G B„((5/3„/(Cif)) it follows from (001) and ^ that 

l|:?m,„(e,^«(C))-:^™,„(C,^„(0)ll 

(0) (0)11 

< 2||x™(C) -a;„(e)|| 

<2cf^)"<_iiie-eii. 

\Ai«-i/ 

Hence we obtain P71) and the theorem is proved. □ 

5. Behavior under perturbations 

In this section we assume that equation ^ admits a (/x, i^)-dichotomy for some 
L'>1, a<0<6 and £ > 0. Given c > and 5 > 1, let Tc.ij be the class of all 
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sequences of function / = such that /„: X — > X and verify conditions (|4]) 

and ([5]) with the given c and q. In Teg we can define a metric by 

11/ - /I'" = { : - e M, « e X \ {0}| , (42) 

for every / = (/„)„giN , / = (/n)„g]N £ ^c,,- 

The purpose of this section is to see how the manifolds in Theorem [T] vary with 
the perturbations. To do this we consider two sequence of perturbations /, / G 
and the functions Lp and (p given by Theorem [T] when we perturb equation ([5]) with 
/ and /, respectively, and we compare the distance between ip and (p in the metric 
given by with the distance between / and / in the metric given by (|^^ . 

Theorem 2. Let c > and q > 1. Suppose that equation admits a (fj,,v)- 
dichotomy for some D>1, a<0<b and e > and that the hypothesis of 
Theorem Q] are satisfied. Then, choosing for S > sufficiently small, we have 

y-^\\'<\\f-fr 

for every f,f(z J'cg, where ip,(p £ X^,^ are the functions given by Theorem {J\ for 
the same constant C > D corresponding to the perturbations f and f , respectively. 

Proof. Let rt G IN and G Bn{df3n). From ([55]) . putting for every k >n 
we obtain 

+ 00 

llV'nlO -^n(OII < E \\-Akll,nQk+l\\lk, (43) 
k—n 

where x'^,x'^ G 'S>n,s,p are the sequences of functions given by Lemma [T] associated 
with {f,ip) and (/,(^), respectively. By (gS]), ©, ^ and ^ we have 

for k > n 

Ik < \\fkixt{o,Mxm))-fkixtio,vkixtm)\\ 
+ \\fkKio,M<m - fk{xm,^k{xtm\\ 

< 3-^+1/ -/inixnc)ir+' 
+3''+'c\\xt{o-xtm\{\Km + \\xtmr 
+ 3'^c\\^~^\\'\\xtm{\Km + Hio\\Y 

/ „ ^aq+a (44) 

< s''+'c'+'si\\f - f\\"'m\ 

VA^n-l/ 

\l^n-lj 

+ 2'3'cC'+M^ii^ - ^ii'iieii f-^) "'^^ ^rS'^/?;^ 
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and using ([33]), the last estimate, (|43| . we get 

+00 

k—n 

+00 

k—n 

+00 

A:— n 

< 3«+iC«+^i:>(5«||/ - /ir"||e|| + 2«3''+icC«i:>(5«l|a;'^ - x^\\"U\\ 
+ 2'^3'^cC'^+^D5'^\\ip~>f\\'\\(\\. 

(45) 

Now, we will estimate Ha;''' -a;'^||". By ([20]), ([44]) and ([2]) we obtain for every m>n 
and every ^ e B„((5^„) 

(-^) ^,;-iik^(e)-<n(C)ii 

/ \ ~^ m — 1 

< ( I '^rT-l E \\-^r,i,k+lPk+l II 7fc 
^^"-1^ k=n 

m — 1 

< 3'^+ic"+ii?5'ii/ - /inieiiA^,T^^,:ii/3,! E '^r^i 

m — 1 

+ 2''3'^+'cC''DS''\\x'^ - 2:^||"||eil/^,T-^^li/3^ E 

k—n 

+ 2'^3'^cC''+'DS''y-Mm\^,-l\:.:U^3?, E ^'k''k 

k—7i 

< 3'^+^C''+'^D6''\\f - f\\"'U\\ + 2«3«+icC9i:'(59||a;'^ - x^\\"U\\ 
+ 2'^3'^cC'>+^DS''\\ip-MU\\ 

and this implies 
\\x^-x^\\" 

< S'^+^C+^DS^Wf - fW" + 2«3«+icC«7:>(5«||a;'^ - x'^f + 2'J3''cC''+^ DS'^\\ip - ^\\' . 
Thus, for 5 > such that 2«3«+icC«L'(5'? < 1/2 we have 

llx"^ - x^W" < 2 ■ 3'^+^C''+^DS''\\f - fW" + 2«+i3W+i7:>(5«||^ - ^||'. 
It follows from the last estimate, ([IS]) and 2«3«+icC"?L'(59 < 1/2 that 

ll<^n(C) - VniOW < 2 • 3«+iC'+ii?<5''||/ - /||"'||^|| + 2«+i3«cC«+iZ?<5''||^ - ^||'||e|| 
for every n e M and every ^ g i?„(5/3„). Hence we get 

11^ - (^ir < 2 • 3'+^C«+ii:>(5«||/ - /II'" + 2'^+^3''cC'^+^DS'^\\>f - ^\\' 
and choosing 6>0 such that 2'i+^3'^ cC'^+^DS'^ < 1/2 we obtain 

ii^-^ir <4.3^+ic«+ii^^''ii/-/ir". 
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To finish the proof we have to choose S>0 such that 4 ■ 31+^0"^+^ Dd'^ < 1. □ 

Acknowledgments 

This work was supported by Centro de Matematica da Universidade da Beira 
Interior. 

References 

[1] L. Barreira, C. Silva, C. Vails, Integral stable manifolds in Banach spaces, J. Lond. Math. 

Soc. (2) 77 (2) (2008) 443-464. 
[2] L. Barreira, C. Silva, C. Vails, Regularity of invariant manifolds for nonuniformly hyperbolic 

dynamics, J. Dynam. Differential Equations 20 (2) (2008) 281-299. 
[3] L. Barreira, C. Vails, Existence of stable manifolds for nonuniformly hyperbolic dynamics. 

Discrete Contin. Dyn. Syst. 16 (2) (2006) 307-327. 
[4] L. Barreira, C. Vails, Stable manifolds for nonautonomous equations without exponential 

dichotomy, J. Differential Equations 221 (1) (2006) 58-90. 
[5] L. Barreira, C. Vails, Stability of nonautonomous differential equations, vol. 1926 of Lecture 

Notes in Mathematics, Springer, Berlin, 2008. 
[6] A. J. G. Bento, C. Silva, Stable manifolds for nonuniform polynomial dichotomies, J. Funct. 

Anal. 257 (1) (2009) 122-148. 
[7] A. J. G. Bento, C. M. Silva, Generalized nonuniform dichotomies and local stable manifolds. 

Preprint arXiv:1007.5039ifl [math.DS], submitted. 
[8] A. J. G. Bento, C. M. Silva, Stable manifolds for nonautonomous equations with nonuniform 

polynomial dichotomies, Q. J. Math., doi:10.1093/qmath/haq047 , to appear. 
[9] R. Marie, Lyapounov exponents and stable manifolds for compact transformations, in: 

J. Palis Jr. (ed.). Geometric dynamics (Rio de Janeiro, 1981), Lecture Notes in Math., Vol. 

1007, Springer, Berlin, 1983, pp. 522-577. 
[10] V. I. Oseledets, A multiplicative ergodic theorem. Ljapunov characteristic numbers for dy- 
namical systems, Trudy Moskov. Mat. Obsc. 19 (1968) 179-210, (Russian) English transl. 

Trans. Mosc. Math. Soc. 19 (1968) 197-231. 
[11] O. Perron, Die Stabilitatsfrage bei Differentialgleichungen, Math. Z. 32 (1) (1930) 703-728. 
[12] Y. Pesin, Families of invariant manifolds that corresponding to nonzero characteristic expo- 
nents, Izv. Akad. Nauk SSSR Ser. Mat. 40 (6) (1976) 1332-1379, (Russian) English transl. 

Math. USSR-Izv. 10 (1976), 1261-1305. 
[13] Y. Pesin, Characteristic Ljapunov exponents, and smooth ergodic theory, Uspehi Mat. Nauk 

32 (4) (1977) 55-112, (Russian) English transl. Russ. Math. Surv. 32 (1977) 55-114. 
[14] Y. Pesin, Geodesic flows in closed Riemannian manifolds without focal points, Izv. Akad. 

Nauk SSSR Ser. Mat. 41 (6) (1977) 1252-1288, (Russian) English transl. Math. USSR-Izv. 

11 (1977) 1195-1228. 

[15] C. Pugh, M. Shub, Ergodic attractors. Trans. Amer. Math. Soc. 312 (1) (1989) 1-54. 

[16] D. Ruelle, Ergodic theory of differentiable dynamical systems, Inst. Hautes Etudes Sci. Publ. 

Math. 50 (1) (1979) 27-58. 
[17] D. Ruelle, Characteristic exponents and invariant manifolds in Hilbert space, Ann. of Math. 

(2) 115 (2) (1982) 243-290. 
[18] P. ThieuUen, Fibres dynamiques asymptotiquement compacts. Exposants de Lyapounov. En- 

tropie. Dimension, Ann. Inst. H. Poincare Anal. Non Lineaire 4 (1) (1987) 49—97. 

Antonio J. G. Bento, Departamento de Matematica, Universidade da Beira Interior, 
6201-001 CoviLHA, Portugal 
E-mail address: bentoOubi.pt 

Cesar M. Silva, Departamento de Matematica, Universidade da Beira Interior, 6201- 
001 CoviLHA, Portugal 

E-mail address: csilvaOubi .pt 
URL: www.inat.ubi.pt/~csilva 



